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MODEL CONSISTENCY AND REGULAR VARIATION ON CONES 
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Abstract. Multivariate extreme value theory assumes a multivariate domain of attraction condition for the 
distributio n of a random vector necess itatin g that each component s atisfy a marginal domain of attraction 
condition. iHeffernan and Tawnl ||2004|) and iHeffernan and Resnickl ||2007| ') developed an approximation to 
the joint distribution of the random vector by conditioning that one of the components be extreme. The prior 
papers left unresolved the consistency of different models obtained by conditioning on different components 
being extreme and we provide understanding of this issue. We also clarify the relationship between the 
conditional distributions and multivariate extreme value theory. We discuss conditions under which the 
two models are the same and when one can extend the conditional model to the extreme value model. We 
also discuss the relationship between the conditional extreme value model and standard regular variation 
on cones of the form [0, oo] X (0, oo] or (0, oo] X [0, oo]. 



1. Introduction 

Classical multivariate extreme value theory (abbreviated as MEVT) aims to capture the extremal de- 
pendence structure between components under a multivariate domain of attraction condition which requires 
that each marginal distribution belong to the domain of attraction of some univariate extreme value distri- 
bution. The theory relies on centering and scaling the components appropriately and observing the limiting 
behavior near the tails of the distribution. A variety of concepts have been developed in order to understand 
this extremal dependence structure. Multivariate extreme value theory provides a rich theory for ex t remal 
dependence in the case of asym ptotic dependence ( de Haan and Ferreira . 20061 de Haan and Resnick . 1977 . 
Pickandd . Il98ll iResnickl . l2008bf) but fails to distinguish between asymptotic independence and actual inde- 



pendence. The extrem al dependence structure in the a symptotically dependent case has been well-studied by 
IColes and Tawnl (llQQll). Ide Haan and de Ronde (|l998l) . The idea of coefficient of tail dependence developed 
by Ledford and Tawn ( 1996 . 19971 1998^) provided a better understanding of asymptotically independent be- 



hav ior of various componeii t s and t his concept has been e labora t ed with the help of hid den re gular var i ation. 
See IHeffernan and Resnick (|2005l ). iMaulik and Resnick (|2005h . iResnTd] (|2002[ l2008al) and iResmc^ (|2007 . 
Chapter 8). 

A different approach was provided bv lHeffernan and Tawn (2004) who examined multivariate distributions 
by conditioning on one of the components to be extreme. Their approach allowed a variety of examples of 
different types of asymptotic dependence and asymptotic independence. Their statistical ideas were given a 
more mathematical framework bv .Heffern an and Resnick, (,2007. ) after some slight changes in assumptions to 
m ake the theory more probabili stically viable 



Heffernan and Resnickl ( 20071 ) considered a bivariate random vector {X, Y) where the distribution of Y is 
in the domain of attraction of an extreme value distribution G^, where for 7 G R, 

l + 7a:>0. (1.1) 



G^(x)=exp{-(l + 7x)-i/n, 



For 7 = 0, the distribution function is interpreted as Go{x) — e~'^ , ?/ G M. Instead of conditioning on Y 
being large, their theory was developed under the equivalent assumption of the existence of a vague limit 
for the modified joint distribution of the a suitably scaled and centered {X,Y). Vague convergence was 



Key words and phrases. Regular variation, domain of attraction, heavy tails, asymptotic independence, conditioned limit 
theory. 

B. Das and S. Resnick were partially supported by ARO Contract W911NF-07-1-0078 at Cornell University. 

1 



2 



B. DAS AND S.I. RESNICK 



in the space of Radon measures, M+ ([— cxd, cxd] x E ], and E ,7 S R, was the right closure of the set 
{a; e R : 1 + 7X > 0}. The precise description of this vague limit is in Definition ll.il below. It should be 
noted that this differs from the classical MEVT in the sense that only one of the marginal distributions is 
assumed to be in the domain of attraction of some univari ate extreme value distributio n. 

In Section [2] we study the consistency issues discussed in lHeffernan and Tawn (|2004l) for such conditional 



models. In practice one may have a choice of variable to condition on being large and potentially different 
models are therefore possible. What is the relationship between these models? We show that if conditional 
approximations are possible no matter which variable as the conditioning variable, then in fact the joint 
distribution is in a classical multivariate domain of attraction of an extreme value law. A standard case is 
dealt with first and later extended to a general formulation. The relationship between multivariate extreme 
value theory and conditioned limit theory is discussed in Section [3) Conditions under which a standardized 
(to be defined appropriately) regular variation model can be used in place of the conditional model are 
discussed in this section. We also consider conditions under which the conditional extreme value model can 
be extended to the multivariate extreme value model in section ID Section [5] presents some illuminating 
examples to show the features of conditional models. 

1.1. Model setup and bas ic assumptions. The basic model set up for our discussion is as follows 
()Heffernan and Resnic^ . |2007|) : 



Definition 1.1 (Conditional Extreme Value Model). Suppose that for random vector {X, Y) e R^, we have 
Y ^ F. We make the following assumptions: 

(1) F is in the domain of attraction of an extreme value distribution, G-y for some 7 S M, as defined in 
(|l.ip : that is, there exist functions a{t) > 0, b{t) G M such that, as t ^ 00, 



t{l-F{ait)y + b{t)))=tF 



a(t)*^ >y) ^ {i + iy)-'^\ l + 7y>0. (1.2) 

(2) There exist functions a{t) > and /3(i) e M and a non-null Radon measure /i on Borel subsets of 
[—00, 00] X E such that for each y € 

[a] tpf '^ "f}*^ < X, ^ "^^f^ >v\^ \Ji{{-oo,x\ X (y,oo]), ast^cx), (1.3) 



a{t) ~ ' a(t) 
for (x^y) continuity points of the limit. 

[6] /i([— oo,x] X (y, 00]) is not a degenerate distribution in x, (1-4) 

[c] /i([— oo,a;] X (y, 00]) < 00. (1-5) 

[d] ii{x) := fj,{[—oo,x] X (0,00]) is a probability distribution. (1-6) 



A non-null Radon measure is said to satisfy the conditional non- degeneracy conditions if both of (jl.4[) 
and p.Sp hold. We will say that {X, Y) follows a conditional extreme value model (abbreviated as CEVM) if 
conditions (1) and (2) above are satisfied. The reason for this name is that (|1.3p . (|1.4p and (|1.5p imply that 
for continuity points {x,y) of /i(-), 

' ait) 



Y >b{t)j ^ H{x) = fi{[-oo,x]x {0,00]). (t^oo) (1.7) 
Also note that (|1.3p can be viewed in terms of vague convergence of measures in M+([- 



-oo,ool X E^^-*! 



Under the above assumptions iHeffernan and Resnickl (j2007l ) use a convergence to types argument to get 



properties of the normalizing and centering functions: there exists functions '(/'i(')i V'2(') such that 

lim —TTT = ^1 c , hm — = V2(c ■ (1.8) 

t-+oo a[t) t-+oo a{t) 
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This implies that ■(/'(c) = & for some p € R ( de Haan and Fcrreira . bOOd Theorem B.1.3). -02 can be either 



or i/'2(c) = for some c ^ (|de Haan and Ferreira, ■2006I . Theorem B.2.1). We refer often to these 

properties. 

How different is the CEVM from classical MEVT model? Under what circumstances can we extend from 
assumptions 1 and 2 to multivariate extreme value theory? We deal with questions like these in the following 
sections. 

1.2. Notation. We list below commonly used notation. The Appendix in Section [5] contains information on 
regularly varying functions and extensions to such things as H-varying functions, as well as a rapid review 
of vague convergence. 



[0,00)''. 

[0, cx)]''. Also denote similarly — [— cx),oo]'^. 



E* A nice subset of the compactified finite dimensional Euclidean space. 

Often denoted E with different subscripts and superscripts as required. 

£,* The Borel cr— field of the subspace E*. 

M_|-(E*) The class of Radon measures on Borel subsets of E*. 

The left continuous inverse of a monotone function /. 

For an increasing function f^{x) = inf{y : /(y) > x}. 

For a decreasing function f^{x) = iid{y : f{y) < x}. 

RVp The class of regularly varying functions with index p defined in (j6.1[) . 

H The function class H reviewed in Section WT\ along with subclasses H-)_(a(-)) 

and H_(a(-)) and auxiliary function a(-). 

Vague convergence of measures; see Section [6.31 

Gry An extreme value distribution given by p.ip . with parameter 

7 e M, in the Von Mises parameterization. 

E^'^) {a; : 1 + 7a; > 0} for 7 e R. 

E The closure on the right of the interval E^'''-'. 

=(7) 

E The closure on both sides of the interval E^'''^ 

D{G^) The domain of attraction of the extreme value distribution G-y; i.e., the set of i^'s 
satisfying pT^ . For 7 > 0, G £>(G.y) is equivalent to 1 - € RVi/^. 

2. Consistency of Conditional Extreme Value Models 

Suppose that the {X, Y) S satisfying conditions (|1.2p to (|1.6p also satisfies the following conditions. 
We have X ^ H where H is in the domain of attraction of an extreme value distribution and we have 
a convergence assumption similar to assumptions (jl.Sp to (jl.6p for the joint distribution of (A, Y) where 
X is large. One ponders whether this would imply that (A, Y) is jointly in the domain of attraction of a 
multivariate extreme value distribution. The answer is yes. 



2.1. Consistency: the standard case. Let us start with a simple case. Assume for (A, F) as mentioned in 
the previous paragraph, the centering functions are all zero and the norming functions are identity functions. 
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Now set 

E = [0, oo]^ \ {0}, Eo = (0, oo] X (0, oo], 

En = [0, oo] X (0, oo], = (0, oo] x [0, oo]. 

Figure [T] illustrates these four types of cones in two dimensions. Before proceeding, we review the definition 




oo 




oo 



" Eo 
Figure 1. The different cones in 2-dimensions 



of multivariate regular variation on cones (jResnicd (|2007l . page 173). lDavvdov et al.l (|2007[) . lResn"ic5 (|2008a[) . 



Definition 2.1. £ C M is said to be a cone if a; S £ implies that tx G € for any t > 0. Now a d— dimensional 
random vector Z S M.'^ is said to be multivariate regularly varying on cone C in R if there exists a function 
b{t) — > oo and a non-null Radon measure on £ such that, as t — > oo, 

Z 



tP 



b{t) 



v{-), inM+(e:). 



(2.1) 



Remark 2.1. It follows from 
a relatively compact set B C <t, 



that the limit measure i>{-) satisfies the homogeneity property that for 

(2.2) 



iy{cB) = c-°'v{B) c> 0, 
for some a > 0. This also implies that h{-) is regularly varying with index \/a. 

Remark 2.2. The regular variation in Definition 12. 11 is said to be standard if Z G M.'^ and b{t) = t. In this 
case we have equation (|2.2p with a = 1. 

2 

Note that E,En,E^,Eo are all cones in R . The following result shows that standard regular variation on 
both En and E^ imply standard regular variation on the bigger cone En U E^ = E. This is the introduction 
to the more general consistency results in the CEVM. 
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Theorem 2.1. Suppose we have a bivariate random vector {X,Y) G Rl. Now assume that 



tP 



X Y\ 



^ /i(-) in 
—> v{-) in 



E- 



(2.3) 
(2.4) 



where both fi and v satisfy appropriate conditional non- degeneracy conditions corresponding to (|1.4p - (jl.6p . 
Then {X,Y) is standard regularly varying in E, i.e., 



tF 



/X Y 

VT 'T 



A (^oi/)(-) mM+(E) 



(2.5) 



where (/i o z^) is a Radon measure on E such that 

{fio i^)\e^{-) ^ ^{■) onEn and 



(/iOi/)|E-j(-) = i^(-) on] 



The proof of this theorem is provided in Section r6.4.1l since a more general result is stated and proved next. 
Note, however, that the proof for Theorem 12.11 is relatively easy because of the standard case assumptions 
and is instructive to read. 

2.2. Consistency: the general case. Thus we see that multivariate regular variation on both the cones 
E^ and Ep implies multivariate regular variation on the larger cone E^ U En = E. Now we will discuss 
the general situation in which each marginal distribution is in the domain of attraction of an extreme value 

distribution. Recall our notation, E''''^ {x G K : 1 + 7a; > 0} for 7 e R . We denote E^''''' to be the right 
closure of E^'''^ i.e., 

-^,00] 7>0 
(-cx),cx)] 7 = (2.6) 
(-00, -i] 7<0. 

=(7) =W ={7) 

E denotes the set we get by closing E^'') on both sides. Also denote E^^-'') := E x E \ {(- -^)}- 

Theorem 2.2. Suppose we have a bivariate random vector {X, Y) g R^ and non-negative functions a(-), a(-), 
x(-)ic(-) and real valued functions (3{-),b{-), ((>{■), d{-) such that 



tP 
tP 



( X-m Y-b{t) \ 

A a{t) ' a{t) ) 

( X-m y-d{t) \ 

V x{t) ' c{t) ) 



A ^(.) m M+([-oo,oo] X e'''^) 

t(A) 



m M+(E^ ^ X 



]) 



(2.7) 
(2.8) 



for some A,7 S R, where both fi and v satisfy the appropriate conditional non- degeneracy conditions cor- 
responding to ()1.4p and ()1.5|) . Then (X, Y) is in the domain of attraction of a multivariate extreme value 
distribution on E(^'T' in the following sense: 



tP 



X{t) ' a{t) 

where (/iO ;/)(•) is a non-null Radon measure on E^^^'''). 

Proof. Let us assume that A > 0, 7 > first. The other cases can be dealt with similarly. It should be noted 
now, that (|2.7[) and (|2.8p respectively imply that 

-y-Kt) 



tP 
tP 



ait) 

X - m 

x{t) 



> ^ (1 + Ax)'^/-^, 1 + A, 



.X > 0. 



(2.9) 
(2.10) 
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Hence for {x,y) e E^'^^ x E^'^'^which are continuity points of the limit measures fi and 



Qt{x,y) 



tv 



( X-m y-m \ ^ 

V x{t) ' a{t) J""^^ 



X - ^{t) 



> X 



tP 



xit) 

At{x)+Bt{y)+Ctix,y) 



Y - b{t) 
a{t) 
(say) 



> y 



tP 



y])' 



xit) 



> X. 



a{t) 



> y 



(2.11) 



If we can show that Qt{x,y) has a hmit and the hmit is non-degenerate over {x,y) then we are done. 
As t ^ oo we have the hmits for At{x) and Bt{y) from equations (I2.10p and (|2.9|) respectively. Clearly 
< Ctjx .y) < minf^tfa:), j3t(ji/)) and these inequalities would hold for any limit of Qt as well. 

From (iHeffernan and Resnick , 20071 Proposition 1 ) , there exist functions ipi{-) , 'ijj2{') , ipsi') t i^ii') such that 
for z > 0, 



r "(^^) ; f \ 
hm — -— = Mz) 

t^oo a{tj 
lim ^, } — ipsiz) 



yP2 



(2.12) 

t-*oo c{t) t->oo c{t) 

for some real constants pi and p2- Assume pi and p2 to be positive for the time being. Here either 
ip2iz) — which would imply lim — (from Bingham et al. ( 1987 . Theorem 3.1.12 a,c)) or we can 



1™ 77\ = "^2(2), 

t^oo a{t) 

d{tz) - djt) 
lim 7-T = Mz)- 

t->oo c[t) 



have ip2iz) 



k— — - for some k ^ 0, which means lim 



iiiii — ( de Haan and Ferreira ( 20061 Proposition 
B.2.2)). Hence allowing the constant k to be zero as well, we can write both cases as lim = — for some 
ki <E M. Similarly we have lim = ^ for some k2 £ 



Similarly we have lim —rrr 
Additionally, from the marginal domain of attraction conditions for X, Y we have 



lim 

t — >QG 



and lim 

t — >oo 



Observe that 



bitz) - b{t) _ zT - 1 
' 7 ' 
(f){tw) - (l){t) ~l 

X - cj^it) 



for y > 0, which implies lim 



a{tz) 



xit) 

Ctix,y) 



for w > 0, 



t— »oo ait) 
which implies lim , 

t^oo xit) 



(2.14) 
(2.15) 



tP 
tP 



xit) 

X - m 



We can also write 



Ctix,y)^tP 



a{t) 

X - Ht) 
xit) 



> X, 



> 



> y 



y~b{t) 

a{t) 

/ m\xiti_m y - bit) ■ 

V xit) ^ ait) ait)' ait) ^. 



> X, 



Y - d{t) 



> [y + 



bit)\a{t) d{t) 
a{t))c{tj~ 'c(t). 



From de Haan and Ferreiral ( 20061 . Proposition B.2.2) we have that 

bit) 1 , Ht) 1 

— — — and — — — . 

ait) 7 xit) A 



(2.16) 



(2.17) 



(2.18) 



We analyze Ctix, y) for the different cases now. First we will show that at least one of the limits lim ^^tt 



and lim -ttt 



has to exist. Suppose both do not exist. We have for {x, y) G E*^'^' x E^'''^ which are continuity 
points of the limit measures p and 

bit) 



tP 



[X 



ait) 



it) 



> y 



Ai((a;,cx)] X iy,oo]), 



(2.19) 
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X - (l){t) Y - d{t) 



x{t) 



> X, 



c{t) 



> V 



v{{x,(xi] X (y, oo]). 



(2.20) 



Now (I^J^ implies that 

tv 



x-mx{t) , m-m^ y ~ d(t) c{t) , d{t) ~ b{t) ^ 



X(i) a(t) 
which is equivalent to 



c(i) a{t) a{t) 



^((.T,oo] X (2/,oo]) 



X{t) x(t)^ a{t) " c(t) cit)^" a{t) 

From (|2.20p we also have that the left side of the previous line has a limit 



//((a;,oo] X (y,oo]). 



tv 



X - M) a(t) , <j>(t) - (3(t) , Y - dit) a{t) , d(t) - bit) . 
> ^rrla; — ), — > ^rrly - 



X{t) x(t)^ a{t) " c{t) cit) 

v{{f{x),oo\ X (5(y),oo]) 



At) 



for some {f{x),g(y)), assumed to be a continuity point of the limit v, iff as t — *■ oo, the following two limits 
hold, 



a{t) 



a(t) ( dit) - bit) 



cit) 



ait) 



9{y)- 



(2.21) 
(2.22) 



For u to be non-degenerate / and g should be non-constant and we also have /Lt((x,cx)] x (y,cx)]) — 
i/((/(x),oo] X ((7(y),oo]). Considering (|2.2ip and p.22p we can see that the limit as i ^ oo exists if 



and only if lim ^4|y and lim exists. 



x(t) 



We conclude lim ^47T G [Oi co] and consider the following cases. 



Case 1: lim ^^tt = co. 
Consider (|2.16p and note 



Ht)\x{t) Pit) 

Xit))ait) ait) 



ki 

X + — \ xoo = oo, 

Pi 



which entails 



Hence 



lim Ctix,y) = Ai({oo} x (y,oo]) = 0. 



lim Qtix, y)^il + Xx)-'^^ + (1 + jy)-'/\ 



Case 2: lim ^ M e (0, oo). 
Again from (|2.16p . we have 



^ m\xiti^m 

Xit))ait) ait) 



ki 

x+^]xM = fix), (say). 



A 



Pi 



Therefore 



lim Ctix,y)^tiiifix),^] X (y, oo]) < (1 + Ay)-i/^ 
with strict inequality holding for some x because of the non-degeneracy condition (|1.4p for ^. Hence 
lim Qtix, y) = ((1 + A.t)-i/^ + (l + ^y)-i/7 _ ^((/(x), (»] x (y, ex.]). 



• Case 3: lim ^ 
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-T7T = 0. 



In this case (I2.16P leads to a degenerate limit in x for Ct{x,y) and putting Mi = ^ we get 



lim Ct{x,y) = Ai((A/i,oo] x [y,^]) My) < (1 + 7^)^1/7. 



So consider (^17)) . 



(1) If lim ^I^i exists in (0,cx)], then we can use a similar technique as in case 1 or case 2 to obtain 



t — ^00 



c(t) 



a non-degenerate limit for Qt{x,y). 
(2) Assume lim 4^ = 0. Then for some M2 G R, 

lim ^(x,?;) = z/((x,oo] x (M2,oo] =: ^(x) < (1 + Aa;)"!/^ 

t — >oo 

Therefore we have for any {x, y) € E^^^ x E*^''-', which are continuity points of the limit measures 
/I and I/, 

/i(y) = Ai((Mi,oo] X (t/,cx)]) = j/((a:;,oo] x (M2,cx)]) = /2(x). 

It is easy to check now that for any [x, y) e E*^'^' x E*^''', which are continuity points of the limit 
measures /i and v, we have fi{y) = 72(2;) — 0. Hence Ct{x,y) — > and thus Qt{x,y) has a 
non-degenerate limit. 

This proves the result. □ 

2.3. Consistency: the absolutely continuous case. It is instructive to consider the consistency issue 
when {X, Y) has a joint density since calculations become more explicit. We state the consistency result 
particularizing Theorem 12.21 the proof for the standard case is provided in Section fG. 4. 21 

Proposition 2.3. Assume gp denotes the density of an extreme value distribution Gp with shape parameter 
p GM. in p.ip and that (X, Y) e is a bivariate random vector. We suppose 

(1) {X,Y) has a density fx,Yix,y). 

(2) The marginal densities fx, fv satisfy: 

ta{t)fx{a{t)x + m) gxix), X G E(^), ta{t) fy {a{t)y + bit)) ^ g^(y), y G E(''). (2.23) 

(3) The joint density satisfies 

ta{t)a{t)fx,Y(a{t)x + l3(t),a{t)y + b{t)) gi{x,y) E L\[~oo,oo] x E*^-*), (2.24) 
ta{t)a{t)fx^Y{a{t)x + P{t),a{t)y + b{t)) ^ g2{x,y) e L\E^^^ x [-c^,(^]), (2.25) 

where gi{x,y), g2{x,y) > are non-trivial, outside o/[— 00,00] x e'"''' anrf E*' ' x [—00,00] respec- 
tively, and we have 

(a) g~^{v)gi{u,v) is a probability density in v for each u> 0, 

(b) g'^^{u)g2iu,v) is a probability density in u for each v > 0. 



Then 



whe 



{{u,v)<£A} 

and g{x,y) = gi{x,y) V g2{x,y). 



li{A)= J g{u,v)dudv for A e B{E^^-''^) , 
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3. Connecting Standard Regular Variation to the Conditional Extreme Value Model 



tP 



We have seen in the previous sections that questions about the general conditional model are effectively 
analyzed by starting with standard regular variation on our special cones ( or En). A pertinent question 
to ask here is, whether stan dardization of the conditional extreme value model is always possible. A partial 
answer has been provided in Heffernan and Resnickl ( 2007 . Section 2.4). We consider this issue in more detail 
in this section. We start by making precise what we mean by standardization. 

3.1. Standardization. Standardization is the process of marginally transforming a random vector X into 
a different vector Z* , X i-^ Z* , so that the distribution of Z* is standard regularly varying on a cone E*. 
For some Radon measure /x*(-) 

-z* 

In general, depending on the cone, this says one or more components of Z* are asymptotically Pareto. 
For the classical multivariate extreme value theory case, each is asymptotically Pareto and then E* = E = 
[0, oo] \ {0}. The technique is used in classic al multivariate extreme valu e theory to characterize mu ltivariate 
do mains of attraction and date s at least t o de Haan and Resniclj (Il977l ). See also iResiiick ( 2008b . Chapter 
5). lde Haan and Ferreiral (|200d ). iMikoschl (|2005L l2006l ). iResnickl (|2007t ). 

3.1.1. Theoretical advantages of standardization: 

• Standardization is analogous to the copula transformation but is better suited to studying limit 
relations (Kliippelbcrg and Resnick, 2008). 

• In Cartesian coordinates, the limit measure has scaling property: 

^*(c.) = c-V*(-), c>0. 

• The scaling in Cartesian coordinates allows transformation to polar coordinates to yield a product 
measure: An angular measure exists allowing characterization of limits: 

^i*{x■.\\x\\>r,^^K] = r-^S{K), 

for Borel subsets A of the unit sphere in E*. 
Note that for classical multivariate extreme value theory, S* is a finite measure which we may take to be a 
probability measure without loss of generality. However, when E* = En, S is NOT necessarily finite. This 
is because absence of the horizontal axis boundary in En implies the unit sphere is not compact. 

3.1.2. Standardizing functions. The most useful circumstance for standardization is discussed in the following 
definition. 

Definition 3.1. Suppose X — (Ai, A2, . . . , Xd) is a vector- valued random variable in which satisfies: 
YAi-/3i(i) A2-/32W Xd-Pd{t) 



tv 



ai{t) 



a,{t) > 0,p,{t) e 
(0,00), 



a2(t) 

for i = 1, 



for some D C 
i — 1, . . . , d: 

(a) : Range of Xi 

(b) fi is monotone, 

(c) $K >0 such that |/,| < K. 

Then / standardizes X if Z* = f{X) satisfies 



ad{t) J J 
. . ,d. Suppose we have / — (/i. 



+ (S)), (3.1) 
, fd) such that, for 



tv 



/l(Ai) /2(A2) 



t 



t 



t 



ti*{-) on M+(E*), 



(3.2) 



where E* is some cone in 
standardization of (13.11). 



and fi* is Radon. Call / the standardizing function and say (j3.2[) is the 
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For the conditional model defined in Definition II. II in Section [TTT] where F, the distribution of Y, satisfies 
F e D{Gi), we can always standardize Y with 



We define Y* = b^(Y) to b e the standardized version of Y and the standardizing function is . See 



Heffernan and Resnicld (|2007l ). 



3.2. When can the conditional extreme value model be standardized? Suppose Definition ll.ll holds: 
that is 



tP 



V aU) ' a(t) J^'l^ ^^'> 



— oo, oo\ X 



a{t) ' ait) 

Heffernan and Resnick show that standardization in the above equation is possible unless ("01, 1P2) 



(1, 0) which is equivalent to the limit measure being a product measure. We show that the converse is true 
too. So when the limit measure is not a product measure, we can always reduce to standard regular variation 
on a cone En , and conversely we can think of the general conditional model as a transformation of standard 
regular variation on En . 

We begin with initial results about the impossibility of the limit measure being a product in the stan- 
dardized convergence on En, gradually leading to our final result in Proposition [ 



(3.3) 



Lemma 3.1. Suppose (X,Y) is standard regularly varying on the cone En, such that, 

'X Y^ 



t ' t 



for some non-null Radon measure /i(-) on En, satisfying the conditional non- degeneracy conditions as in 
()1.4p and ()1.5|) . Then /i(-) cannot be a product measure. 



Proof. If /i is a product measure we have 

fi{[0, x] X {y, 00]) = G{x)y-^ for a; > 0, y > (3.4) 

for some finite distribution function G on [0, 00). Now (|3.3p implies that n is homogeneous of order —1, i.e.. 



m(cA) ==c V(A), 
where A is a Borel subset of En . Therefore 

li(^c{[0,x] X (y,cx)])) — ii(\0,cx] X {cy, 00 

= G(cx) X — , 
cy 

-i/-</„™\„,-i 



Vc > 0, 



(3.5) 



using ()3.4 



Moreover, 



Therefore 



= c G{cx)y 
/i(c([0,a;] X (2/,oo])) = c-^G{x)y~^, 



using (123) and dSS 



G{cx)=G{x) Vc>0,a;>0. 



Hence for fixed y G W'<i,c > 0, x > 0, 

/^([0,ca;] X (y,oo]) = G{cx)y-^ = G{x)y-^ = ^([0,^;] x {y,(X)]). 

Therefore n becomes a degenerate distribution in x, contradicting our conditional non-degeneracy assump- 
tions. Thus /Lt(-) cannot be a product measure. □ 
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Lemma 13.11 means that standard regular variation on En with a hmit measure satisfying the conditional 
non-degeneracy conditions implies that the limit cannot be a product measure. Now suppose we have a 
generalized model as defined in Definition 11.11 and the limit measure is a product. We will show that we 
cannot standardize this to standard regular variation on some cone £ C E (€ = En for our case). Recall that 
when Definition 11.11 holds, we can always standardize Y so in the following we assume Y* is standardized 
and only worry about the standardization of X. 

Theorem 3.2. Suppose X G R, y* > are random variables, such that for functions a(-) > 0, /?(•) G M, we 
have 



tP 



' X-(3(t) Y^ 
. a{t) ' t 



Gx ;.i(.) 



-([— oo, co] X (0, oo]). 



(3.6) 



as t ^ oo, where vi{x, oo] = x ^ , x > 0, and G is some finite, non- degenerate distibution on M. Then there 
does not exist a standardizing function, /(•) : Range of X (0, oo), in the sense of Definition \3.I[ such that 



tP 



( f{X) Y^ 
\ t ' t 



(En), 



(3.7) 



where fi satisfies the conditional non-degeneracy conditions. 



Proof. Note that Y* is already standardized here. Suppose there exists a standardization function /(•) such 
that (|3.7p holds. Without loss of generality assume /(•) to be non-decreasing. This implies that for fi— 
continuity points (x, y) we have, 



tP 



fix) Y* 
t - ' t ^. 



/x((— oo, x] X (y, oo]) {t ^ oo) 



which is equivalent to 

'X - 



,p, - m < f-ixt)-m Y* 

a{t) - a{t) ' t 



fi({-oo,x] X {y,oo]), (t^oo). 



Since /i((— oo, x] x (y, oo]) < oo and is non-degenerate in x, we have as t ^ oo that 

f*~{xt)~P{t) 



a{t) 



h{x) 



(3.8) 



(3.9) 



for some non-decreasing function h{-) which has at least two points of increase. Thus (|3.8p and (|3.9p imply 
that 

^((-oo,a;] X (y,oo]) = G{h{x)) x y-\ 
Hence fi(-) turns out to be a product measure which by Lemma |3. II is not possible. □ 

The final result of this section shows that one can transform from the conditional extreme value model 
(like Definition II. ip to the standard model (like equation (|3.3p ]) and vice- versa if and only if the the limit 
measure in the generalized model is not a product measure. 

Proposition 3.3. We have two parts to this proposition. 

(1) Suppose we have the conditional extreme value model of Definition ll. i[ i.e., we have a random vector 
{X, Y) e R^, and there exists functions a{t) > 0, b{t) G R, a{t) > 0, /3 G R, such that for 7 G R, 

along with the conditional non- degeneracy conditions (II. 4p and (|1.5p . Hence equation (jl.Sp holds; 
i.e., 

P{tc) - Pit) 



_([-oo,oo] X E*^-*) 



hm — -— = iPiic), 
t^oo a[t) 



lim 

t — >oc 



a{t) 



Mc)- 



(3.10) 
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// (^/'i, '02) 7^ (I7O), then there exists a standardization function f — (/i,/2) such that {X*,Y*) 
(fi(X), f2{Y)) is standard regularly varying on En; that is 



tP 



h{X) f2{Y) 



t 



t 



m M+(En) 



where fi** is a non-null Radon measure satisfying the conditional non-degeneracy conditions. 



tF 



have 


a bivariat 


■/X* 


Y*\ 1 







satisfying 



in M+(En) 



where fi** is a non-null Radon measure, satisfying the conditional non- degeneracy conditions. Con- 
sider functions a{-) > 0, € K such that equation (j3.10p holds with ('0i,V'2) 7^ (IjO). Then there 
exist functions a(-) > 0, b{-) € M satisfying (|1.2p and A(-) € 7 S M such that 



tP 



'X{X*)^(3{t) b{Y*)-b{t) 



a{t) 



ait) 



fi{-) mM+{[- 



c»,c»l X E^^-"! 



(3.11) 



where fi is a non-null Radon measure in [— cx),oo] x E satisfying the conditional non-degeneracy 
conditions and b{Y*) G D(Gj). 

Remark 3.1. The class of limit measures in Definition 11.11 which are not product measures can thus be 
considered to be obtained from standard regular variation on En after appropriate marginal transformations. 



Proof. (1) This part has been dealt with in lHeffernan and Resnickl (|2007l Section 2.4). 
(2) First we simplify the problem. Note that, for {x,y) a continuity point of /i(-), 



tP 

is equivalent to 



x{x*)-m b{Y*)-bit) ^ ^ 



ait) 



tP 



'X{X 



ait) 



*)-m ^ Y* 



fi{[-oo,x] X iy,oo]) it ^00) 



fi{[-(X),x] X ihiy),(xj]) 
^*([-oo,a;] X (y,oo]) 



it 00) 



where 



Hence p. Ill) is equivalent to 



tP 



Kv)- 

(XiX*)-(3it) Y 



(1 + 72/)^ 7^0 



7 = 0. 



(3.12) 
(3.13) 



M (•) 



ait) t 

and /X* is a non-null Radon measure on [—00, oo\ x E^'^'^ satisfying the conditional non-degeneracy conditions. 



Hence our proof will show the existence of A(-) sati sfying E 
a(-) € RVp for some p G R and ipiix) = x^ (see iResnickl 
identically equal to 0, or 



21). No w note that equation (|3.10p implies that 



2008bl page 14)). The function ?A2(-) may be 



■02 (a;) 



(3.14) 



kixP-l)/p, ifp7^0,2:>0 
fcloga; if p = 0, a; > 

for k ( de Haan and Ferreira . 20061 page 373). We have assumed that iipi,ip2) 7^ (1, 0). We will consider 
three cases: p > 0, p = 0, p < 0. 

Case 1 : p> 0. 
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(1) Suppose ^2 = 0. 

Since a(-) S RVp, there exists a(-) £ RV p which is ultimately difFerentiable and strictly increasing 
and g ^ g (Ide Haan and Ferreira . 20061 page 366). Thus ct^ exists. Additionally, we have from 



Bingham et al.l (|l987l . Theorem 3.1.12(a)), that P{t)/a{t) — ^ 0. Hence we have for cc > 0, as t — > oo, 



i(te) + I3{t) _ a{tx) a{t) Pit) 



a{t) 

and inverting we get for z > 

a- {a{t)z + I3{t)) i/p 



[t —f oo). 



Thus we have 

tv 



aiX*)~m Y* ■ 
77\ <x, — >y 



tP 



X* a^(a(t)x + Pit)) Y* 
t - t ' t 



iv^oo]). 



Set A(-) = (5(-) and this defines jl. 
(2) Now suppose -02 7^ 0. 
Therefore 

Pitx) ~ Pit) 

ip2ix) = hm — = kixP - l)/p; 

t^oo a(t) 

that is, Pi') 6 RVp and fc > 0. The re exists P which is ultimately differentiable and strictly increasing 
and P ^ P ( de Haan and FerreiraL 2006L page 366). Thus P^ exists. Then we have for x > 0, as 

t — !■ 00, 

Pitx) - Pit) Pitx) - Pitx) Pitx) - Pit) 



ait) 



ait) ait) 
Pitx) - Pitx) Pitx) aitx) Pitx) - Pit) 



Pitx) aitx) ait) 



ait) 



Inverting, we get as t ^ c», 

P^ iait)x + Pit)) 
t 

Thus we have, 

rPiX*)^Pit) 



,1 „ xP -I xP -I 

il-l)- --xP + k = k . 

P P P 



k 



tP 



ait) 



Y* 

<x,— >y 



= tP 



X* ^ p*-iait)x + Pit)) Y^ ■ 
t - t ' t ^. 



^-([0,(l + ^)Vp]x(y,cX3]). 



Here we can set A(-) — Pi-) and this defines jl. 
Case 2: p = 0. 

We have tpii^) = 1, "02(2;) — k \ogx for a; > and some fc e M. By assumption, iipi,4'2) 7^ (1, 0) and hence 
fc ^ 0. First assume that fc > 0, which means /? G H+(a). From property (2) for tt- varying functions (Section 
I6.1[) . there exists /3(-) which is continuous, strictly increasing and P — P — o(a). If /3(oo) — /3(oo) = 00, we 
have for x > 0, 

Pitx) - Pit) Pitx) - Pitx) aitx) Pitx) - Pit) 



ait) 



aitx) 
+ fclogx. 



ait) 



ait) 
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and inverting, we get for z € M., as t oo, 

t -> e . 

Thus we have, 

^"'T>^J==^Pl— -t 'T>^ 

->/i([0,e'=/l X (y,oo]). 

If /3(oo) = /3(oo) ^ B < oo, define 



B - Pit) [B- my 

and from property 3(b), for 7r-varying functions in Section [6.11 we have that (3* G n+(a*), /3*(t) oo and 
"^"^^j*-* (X). Hence we have reduced to the previous case which imphes, 



a*{t) 

This is equivalent to 



B-m 

and since ^^Hi*^ * oo imphes , 0, we can write 

which imphes that 



*^(^^^3ar^ < ^, ^ > y) ^ m([0, e'^/-] X (y, (x)]) since, /3 - /3 = o(a) 



and we have produced the required transformation A(-) = Pi-)- 

The case for which fc < 0; i.e., /3 € n_(a) can be proved similarly. 
Case 3 : p <Q. This case is similar to the case for p > 0. 
(1) Suppose tp2 = 0. 

Since a(-) G RVn, there exists a(-) g i?V n which is ultimately differentiable and strictly decreasing 
and a ^ a (Ide Haan and Ferreira . l2006l page 366). Thus a'~ exists. Additionally, we have from 
iBingham et al ( 1987t ). Theorem S.l.lOfal.fc) that /3(oo) := limt^oo /?(<) exists and is finite, and 
(/3(oo) - m)lait) ^ 0. 

aitx) + Pit) ~ Pioo) _ aitx) a(t) Pit) - /3(oo) t^oo ^ 
Q;(t) ~ ait) ' ait) ait) ~^ ^ ' 

inverting which we get, for z > 0, as t oo, 

a^{ait)z + Pi^)~ Pit)) ^ ^^1^ 
t z . 

Thus we have, now taking a; < 0, 

Pi^)-aiX*)-Pit) ^ Y* X 5-(-a(t)x + /3(oo)-/3(i)) 



tv 



ait) 



r \ ^(J^ a i-ait X + a(oo - ait 
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fi{[{-xy ^P,oo] X (?/,cx)]) -. fi{[~oo,x] X (y,oo]). 



Therefore we can set A(-) = /3(oo) — &{■)■ 
(2) Now suppose ip2 7^ 0. 



Therefore ^2(2;) = Urn ^^'^■'"j^^'-' = k{xP ~ l)/p; i.e., I3{-) G and fc < 0. There exists /3 S 

-RVp which is ultimately differentiable and strictly decreasing and /3 ~ /3 ( de Haan and FerreiraL 
I2OO6I page 366). Thus exists. We also have /3((X) ) := hmt^oo/3(i) exists and is finite, and 
(/3(cx)) - (3{t))/a{t) -> ill (|de Haan and Ferreiral . [2OO6I page 373). Then we have for x > 0, as 



(3{tx) - Pit) xP 



ait) 

inverting which we get, as i — > 00, 

P'- {ait)x + (i{t)) 
t 

Thus we have, 



(1 + ^)1/P. 
k 



ait) 



t 



^/PiX*) - Pit) Y* \ ^/X* 



P^iait)x + Pit)) Y 



V t 



-r>y 



^^{[0,il+P^)^/P]xiy,^]). 



Here we can set A(-) = /?(•). 
Remark 3.2. Suppose that we have 



□ 



^l*i■) = Hxl.,i■), 



ait) ' t 

in M+([— 00,00] X (0,00]). We are assuming ^*(-) is a product measure. Let 

_ iX-piY*))Y* 
aiY*) 

Then for continuity points ix,y) of the limit 



T 



i/y 



Hixv)dv 



in M+([— 00,00] X (0,00]). It is easy to check that the limit measure is homogeneous of order —1. Thus, 
a standardization of iX,Y*) exists even when we have a limit measure which is a product. Note this 
standardization is not in the sense of Definition 13. 1[ and it represents a change of co-ordinate system which 
is more complex than just a marginal transformation. 

3.3 . A character ization of regular variation on Ep. Standard regular variation on E was char acterized 
bv Ide HaanI (Il978h in terms of one dimensional regular variation of max linear combinations and iResniclJ 
(j2002n provides a characterization of hidden regular variation in E and Eq in terms of max and min linear 
combinations of the random vector respectively. We provide a result in the same spirit for regular variation 
on En- 

Proposition 3.4. Suppose iX,Y) e is a random vector and P(X = 0) = 0. Then the following are 
equivalent: 
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(1) {X, Y) is standard multivariate regularly varying on En with a limit measure satisfying the non- 
degeneracy conditions (|1.4p and (|1.5p . 

(2) For all a G (0, oo] we have 



t^oo V < 

/or some non-constant, non- decreasing function c : (0,cxd] (0,cxi). 

Proof Since P(X = 0) = we have P{X > 0) = 1. 
(2) (1) : Assume that 

'imn{aX, Y) 



lim tP 



for some function c : (0, oo] — > (0, oo). Then for x > 0, y > 0, 
'X Y \ „/r \ Y 



tp(-<.,->,)=tp(->,)-tp(->.,-> 



tV(x>0,j>y)-tV{^^'^' ' - 



t >^'T>^ 

^ ,p(nrin(a,X,y) ^ ,p(min((,/x)X, r) ^ ^^^^^ ^^^^ 

-> c(oo)y"^ - c{y/x)y^^ =: i/([0, x] x {y, oo]). 

Since c(-) is non-decreasing and non-constant, is a non- null Radon measure on En and we have 
our result. The non-degeneracy of v follows from the fact that c(-) is a non-constant function. 

(1) ^ (2) : Now assume that {X,Y) is standard multivariate regularly varying on En- Hence there 
exists a non-degenerate Radon measure v on En such that 

/ X Y \ 
lim tVi — <x, — > y] = i^([0,x] x {y,co\), 

t^oo \ t t / 

and for any a e (0, oo] 

„/min(aX,y) \ „/X y Y 

y 

= ^^((-,00] X (y,oo]) 
a 

= y^^v{{-,o<A X (l>oo]) =: c(a)y~\ 
a 

by defining c(a) = j/((i,oo] x (l,oo]) and using the homogeneity property (|3.16p . Note that the 
conditional non-degeneracy of v implies that c is non-constant and non-decreasing. Hence we have 
the result. 

□ 

Remark 3.3. The condition P(X = 0) can be removed if we assume Y to be heavy-tailed with exponent 
a ~ 1, i.e., as t ^ 00, iP(Y > u) ^ U^^- 

3.4. Polar co-ordinates. Proposition 13.31 shows that when the limit measure is not a product measure, we 
can transform {X,Y) to {X* ,Y*) such that 

P[(^,^) e •] inM+(En) (3.15) 

Hence from Remark 12.21 we have that fi** is homogeneous of order —1: 

^i**{cB) = c-^li**{B), yc>0,Be£n- (3.16) 
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Hence /z** has a spectral form. Further discussion on the spectral form is available in lHeffernan and Resnick 
(|2007t Section 3.2). We provide a few facts here. For convenience let us take the norm 

\\{x,y)\\^\x\ + \y\, {x,y)eR^, 

although any other norm would work too. Now, the standard argument using homogeneity ( Resnicll 2008hl 
Chapter 5) yields for r > and A a Borel subset of [0, 1), 

^^**\ix,y) e [0,c3o] X (0,oo] : x + y > r, G a| 
L X + y J 

= r-^ti**i^{x,y) e [0,oo] x (0, oo] : x + y > 1,;^:^ ^ a} =: r-^S{A). (3.17) 
where S" is a Radon measure on [0, 1). Note that from (|3.17p . we can calculate for x > 0, y > 0, 

fi**{[0,x]x {y,oo]) =y-^ {1 - w)S{dw) - x-'^ wS{dw). (3.18) 



S need not be a finite measure on [0, 1) but to guarantee that 

iJ**(a;) := /i**([0,a;] X (l,oo]) (3.19) 
is a probability measure, we can see by taking x oo in (|3.18p that we need 

r-l 

(1 - w)S{dw) = 1. (3.20) 

Conclusion: The class of limits n** in (|3.15p or conditional limits 

- 

H**{x) lim P < x\Y > t] 

i^oo L t 

is indexed by Radon measures S' on [0, 1) satisfying the integrability condition (|3.20p . 

Example 3.1 (Finite angular measure). Suppose S is uniform on [0,1), S{dw) — 2dw, so that equation 
p.20p is satisfied. Then we have 

fi**{[0,x]x{y,^])^ (3.21) 
y[x + y) 



Putting y — Iwe get that 



which is a Pareto distribution. 



H**{x)^l--^, x>0, 
1 + a; 



Example 3.2 (Infinite angular measure). Now suppose 5* has angular measure S{dw) — j^dw. This also 
satisfies equation (|3.20p . Now we have 



Putting y — 1 we get that 



fi**i[0,x] X (y,oo]) = - + - log(l - ^). (3.22) 

y X x + y 

H**{x)^l--\og{l + x), x>0. 

X 

Here H** is continuously increasing, limH**{x) — and \imH**{x) ~ 1, and hence H**{-) is a valid 

distribution function. Note that S has infinite angular measure. One way to get infinite angular measures 
satisfying (|3.20p is to take S{dw) — j^F{dw) for probability measures F{-) on [0, 1). 
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4. Extending the Conditional Extreme Value model to a Multivariate Extreme Value 

Model 

Observe that the CEVM assumes the existence of a vague hmit in a subset of the Euchdcan space which 
is smaller than that in case of classical MEVT. So it is natural to ask when can we extend a CEVM to 
a MEVT model. We answer this question in the current section. Clearly, any extension of the CEVM to 
MEVT will require X to also have a distribution in a domain of attraction. The first Proposition provides 
a sufficient condition for such an extension. 

Proposition 4.1. Suppose we have {X,Y) G and non-negative functions a{-), a{ ) and real functions 
(3{-), b{-) such that 

. a{t) ' a(t) ) 

for some 7 G M where fi satisfies the appropriate conditional non-degeneracy conditions corresponding to 
(|1.4p - (jl.6p . Also assume that X G D{G\) for some A G M; i.e., there exists functions > O,0(t) G K 
such that for continuity points x G E^^' of the limit G\ we have 



tP 



G 



A in M+{[-oo, 00] X E^^-*) 



tP 



( > ^ ^ (1 + Xx)-^/\ 1 + Xx>0. 



xit) 

If lim x(t)/a(t) exists and is in (0, 00] then {X,Y) is in the domain of attraction of a multivariate extreme 

t — >OG 

value distribution on E^'^^''''; that is, 



tP 



xit) ' ait) 
where (/i <>!/)(•) is a Radon measure on E*^'^''''^ 

Proof. The proof is a consequence of cases 1 and case 2 of Theorem 12.21 □ 



In the next result we characterize extension of CEVM to MEVT in terms of polar co-ordinates. Assume 
that {X, Y) can be standardized to {X* ,Y*) which is regularly varying on Ep. The following result provides 
a sufficient condition for an extension of regular variation on En to an asymptotically tail equivalent regular 
variation on E. A short discussion on multivariate tail equivalence is provided in the appendix in Section 



Proposition 4.2. Suppose iX,Y) G is standard regularly varying on the cone En with limit measure Vn 
and angular measure Sn on [0, 1). Then the following are equivalent. 

(1) Sn is finite on [0,1). 

(2) There exists a random vector iX*,Y*) defined on E such that 

{X*,Y*)''^^"\X,Y) 

and iX*,Y*) is multivariate regularly varying on E with limit measure v such that vlEn — i^n- 
Proof. Consider each implication separately. 

X-\-Y 



(1) ^ (2) : Define the polar coordinate transformation (i?, 8) = (V + Y, ). From Section 
we have any r > 0, and A a Borel subset of [0, 1), as t 



tP 



^ > r, e G A 



r-'SniA). 



Note equation p.l7p implies that the right side in the previous line is also equal to 

i^niix, y) G En : .T + y > r, e A}. 

x + y 

Since Sn is finite on [0,1), the distribution of 8 is finite on [0, 1). Assume S'[0, 1) = 1 so that it is a 
probability measure and extend the measure ^n to [0, 1] by putting 5'n({l}) = 0. Let us define Rq 
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and Qq such that they are independent, Qq has distribution given by the extended Sn on [0,1] and 
-Ro has the standard Pareto distribution. Define 

{x*,Y*) = (i?oeo,i?o(i-eo)). 

Clearly {X* , Y*) is regularly varying on E, now with the standard scaling and limit measure v where 

(2) ^ (1) : Referring to ((3l7l) note that 

Sn{[0, 1)) = Mix, y)eEn:x + y> 1}. 

Since is regularly varying on E, we have 

R X -\- Y 

fP{- > 1) = tV{ — ^ — > 1) -> v{{x, y) e En : X + y > 1} < oo. 

But 

v{{x,y) e En : x + y > 1} = vn{[x,y) G En : x + y > 1} = S'n([0, 1)). 
Hence S'n is finite on [0, 1). 

□ 

5. Examples 

In this section we look at examples which help us understand how the conditional model differs from the 
usual multivariate extreme value model. 

Example 5.1. We start by considering the 2-dimensional non- negative orthant. This example emphasizes 
the fact that we need different normaliz ations for different cones. T his is known for hidden regular variation 
with the cones E and Eq (Example 5.1 in lMaulik and Resnick ( 2005[ )). We still need a different normalization 
for the cones En and . 

Let X and Z be i.i.d. Pareto{l) random variables. Define Y = X^ A Z^. Then it is easy to see that the 
following hold: 



(i) In M+(E) 



tP 



(|,y)e([0,x]x[0,y]r 



1 1 

- + -, a;Vy>0. 
X y 



(ii) In M+(Eo): For i < a < 1, 



tP 



or in standard form, 



oo\ 



X Ay > 0, 



tP 



Xl/a yl/2(l-Q) 



) e (x, oo] X (y, oo] 



t ' t 

(iii) In M_|_(En), the limit is not a product measure. 



tP 



/ X Y \ 



1 1 1 

y Vv ^v^y' 



so a standard form exists, 

,^2 Y 



tP 



( — , j) e X (y,oo] 



1 1 



y Vy v^v ^ 



a; A y > 0, 



a; > 0,y > 0, 



a; > 0,y > 0. 



(5.1) 



(5.2) 



(5.3) 
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(iv) In M_|-(E^), again, the limit is not a product measure, 

1 1 



tP 



y,^) e {x,oo] X [0,y] 



, x>0,y>0, 



so a standard form exists 
tP 



1 



1 



-, x > 0,?/ > 0. 



(5.4) 

X x\J y 

These results can also be viewed in terms of polar co-ordinates by using the transformation (r, 9) : [x, y) 

+ y^ ) ( Section [331) ■ Note that the absolute value of the Jacobian of the inverse transformation here 
is I J| = r. Hence, 

Let us look at the different cones in cases (i)-(iii). 

(i) The angular measure has a point mass at and 1, 

s{de) = 5{Q}{d9) + 5{^{de). 

(ii) The limit measure in standard form is oo\ x (y, oo]) = ^„ , x hy > Q. for ^ < a < 1. Hence, 



Taking the polar coordinate transformation 



a{l — a) 



^2— l{o<e<i}C?^- 



6la+l(l_6/)2-a' 

The right side is a product, as expected. Thus the angular measure has density 

s(de) ^ 

(iii) The limit measure in standard form is 

/z([0,x] X [y.oo]) 

which is equivalent to 

pi((x,oo] X (y, oo]) 



11 1 

y Vv V^v ^ 



, x>0,y>0, 



, x>0,y>0, 



Hence, for a; > y > 



d d 11 



Taking the polar coordinate transformation, we get for 9 > 1/2, 

1 1 1 



4 5)3/2(1 _^)3/2' 

the density of a product measure. For x < y the density does not exist and we have a point mass at 6 
whose weight can be calculated using (|3.20p . Thus the angular measure has density. 

Side) = (2 - %/3)(5{i/2}(d0) + j0-'/'(l - 0)-'/'l{i/2<e<i}rf0 
(iv) The angular measure has a point mass at i , 

s{de)^2S{i/2}{de). 
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Example 5.2. Suppose in Definition II. II we have functions a{t) > 0,(3{t) = such that 

pitc) - m 



lim — — — ipi(c) = c^, 



..... , , — — - , lim , , 

t^oo a(t) t—^oc a[t) 

for some p ^ 0. Refer to iHeffernan and Resnick ( 2007 . Remark 2, page 545). In such a case, the hmit 
measure fi satisfies: 



li{[-oo, x] X {y, oo]) = y- V([-oo, — ] x (1, oo]) = y-^H{—) 



(5.5) 



for a; e M and y > 0, where H{-) is a proper non-degenerate distribution. The foUowing is an example of 
such a Umit measure. 

Assume < p < 1 and suppose X ~ Pareto{p) and Z ^ Pareto{l — p) are independent random variables. 
Define Y — X /\ Z and we have, 



tP 



tP( 



X X 
— <x.— 
\t ~ ' t 

— {---) 

^-P\yP xPJ 



>y^->v) 



(for X > J/ > and t large) 



1 / yP\ 



Now as in Proposition 13. 31 case 1, we have 



tv 



(^'t) ^ t"'''^ (y,oo]] ^a^**([0,xVp] X (y,cx3]) 



1 - 



x>yP >Q 



-. fj.{[0,x] X (y,oo]). 

If we take H(-) to be Pareto{l), then we have the limit measure for x > 0,y > 0, 

1 X 

p{[-oo,x] X {y,oo]) ■.= -H{—). 

y v'^ 

Example 5.3. This example provides us with a class of limit distributions on En that can be indexed by 
distributions on [0, oo]. Suppose i? is a Pareto random variable on [1, oo) with parameter 1 and ^ is a random 
variable with distribution G(-) on [0, oo]. Assume that ^ and R are independent. Define the bivariate random 
vector (X, Y) e as 

(x,r) = (i?e,i?). 

Therefore we have for y > 0, x > (and ty > 1), 



tv 



X Y 
— < X, — > y 
t - t ^ 



tv 



Ri R 
— < X, — > y 
t - t 



ten 



t V[(< — jr-^dr 



ty 



CX3 cx: 

= Jv[^<^]s-^ds^jG( 



s ^ds 



( putting s = -) 



x/y 



G{s)ds = ^([0, x] X (y, oo]) . 



This can be viewed in terms of polar co-ordinates. We know that an angular measure S{-) on En for 
< r] < I can be given by 



S{[0,T]])^n{{u,v):u + v>l, 



u 



U + V 
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Hence we have 



tP 



X+Y ^ X ^ 
t ' X + Y - . 



- tp[- 




R 


t 




= tp[- 


R{1 - 




t 




= t 


I 


p 








= t 


/' 


(r 






— — 1-T( 




^ } 


' ( 


1 + 


0<s< 


'? 
I-'J 





> 1, — ^ — < V 
' R^ + R- 



1 — T] 



(1 + s) > 1 G{ds) 



But the left side in the previous equation goes to ij,{{u,v) : u + v > 1, ^^^^ < C} = S([0, 77]) as i ^ cx). Hence 
we have 



^([0,77]) = 



(l + s)G(ds), 0<??<1. 



Hence S* is a finite angular measure if and only if G has first moment. 

6. Appendix 

For convenience, this section collects some notation, needed background on regular variation and notions 
on vague convergence needed for some formulations and proofs. 

6.1. Regular variation and the function classes H. Regular variatio n is the mathematical underpin - 
ning of heavy tail analysis. I t is discussed in ma.ny books such a s .Bingham et al 1 dlQSTh.lde HaanI (llQTOl ). 
de Haan and Ferreiral (|2006l ). iGeluk and de Haa^ |l987l ). iResnickl (|2007ll2008bl) . ISenetal (|l976l) . 

A measurable function [/(•): M+ — + M+ is regularly varying at 00 with index p G R, denoted by U G RVp, 
if for X > 0, 



1- U(tx) 

hm \ / = xf 

t^oo U{t) 



(6.1) 



Now let a distribution function F e D{Gj). For 7 > 0, this entails F = 1 — F E RV^ij^ and in general 



means there exist functions a{t) > 0, b{t) e K, such that, 



F'{a{t)y + b{t))^G-,{y), (t^^), 



(6.2) 



weakly, where 

G^(2/) = exp{-(l + 7y)-i/^}, l+7y>0, 7eM, (6.3) 

and the expression on the righ t is interpreted as e~'^ " i f 7 = 0. See, for example, Coled ( 2001 ). de HaanI 
(|l970f) . lEmbrechts et al.l (|l997f) . iReiss and Thomai (|200l[ ). IResnickl (|2008bl) . We can and do assume 

1 



b{t) = 



l-F( 



it)- 



Thus, we have relation ()6.2p is equivalent to 

tF{a{t)y + b{t)) ^ (1 + 72/)"'/^ 1 + 72/ > 0, 

or taking inverses, as t — > cxd, 

bity)-bit) if 7^0, 



a{t) 



logy, if 7 = 0. 



(6.4) 
(6.5) 
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In such a case we say that 6(-) is extended regularly varying with auxihary function a(-) and we denote 
b G ERVj. I n case 7 = 0, we say that b{-) € nfaf-)); that is, the function b{-) i s Il-varying with auxihary 
function a(-) (iBingham et all 1 19871. [de Haan and Ferreirall2006llResnid3. l2008bl) . 

More generally I de Haan and Ferreira ( 2006h . de Haan and Resnickl ( 1979f )) define for an auxiliary func- 
tion a{t) > 0, n_|_(a) to be the set of all functions tt : M+ i— > M+ such that 

lim !^M;ilW ^fclogx, :e>0, fc>0. (6.6) 
t— >oo a[t) 

The class H_ (a) is defined similarly except that fc < and 

H(a) = H+(a) UH_(a). 

By adjusting the auxiliary function in the denominator, it is always possible to assume k = ±1. 
Two functions tt^ e H±(a), i = 1,2 are H(a)-equivalent if for some c G M 

7ri(t) -7r2(t) 



lim 



a{t) 



There is usually no loss of generality in assuming c — 0. The following are known facts about H-varying 
functions. 

(1) We have tt e H+(a) i ff I/tt € H.faV). 

(2) If vr e n+(a), then (|de Haan and Resnickl (|l979l . page 1031) or iBingham et al.l (|l987l page 159)) 
there exists a continuous and strictly increasing H(a)-equivalent function ttq with tt — ttq = o(a). 

(3) If TT e n+(a), then 

lim 7r(i) —: 7r(oo) 

t — >oo 

exists. If 7r(oo) = oo, then tt <E RVa and 'K{t)/a{t) oo. If 7r (oo) < oo, then 7r(oo) — Trft ) G H_(a) 
and 7r(oo) - 7r(t) e RVa and (7r(oo) - Tr{t))/a{t) oo. (Cf. iGeluk and de HaanI |l987l . page 25).) 
Furthermore, 

f ... e n+(a/(^(^) - 7r(i))2). 

7r(oo) — n(t) 

6.2. Tail equivalence. Suppose X and Y are ]R!j.-valued random vectors. Then X and y are toz^ egwwateni 

(in the context of multivariate regular variation) on a cone £ C R_^_ if there exists a scaling function 6(i) "f oo 
such that 



and 



6(t) 



cK-) 



in M-i-(£) for some c > and non-null Radon measure v on £. We denote this concept by X 
Maulik and Resnickl (|2005l) . 



te(c;) 



y. See 



6.3. Vague convergence. For a nice space E*, that is, a space which is locally compact with countable base 
(for example, a finite dimensional Euclidean space), denote M+(E*) for the non-negative Radon measures 
on Borel subsets of E*. This space is metrized by the vague metric. The notion of vague convergence in this 
space is as follows: If fin G M+(E*) for n > 0, then /i„ converge vaguely to (written /x„ ^ hq) if for all 
bounded continuous functions / with compact support we have 



fdfio {n 



This concept allows us to write (|1.2|) as 



,Y - bit) 



(6.7) 



vaguely in M+((— oo, oo]) where 

m^{{x oo]) = (1 + -ix)-^'\ 

Standard references include iKallenbergl (|l983l ). iNeveul (|l977t ) and iResnic^ (|2008bL Chapter 3). 
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6.4. Statements of some Theorems and Proofs: 
6.4.1. Proof of Theorem 2.1. 

Proof. First, note that if A is relatively compact in Eq = En n E^ with = = v{dA), we will have 

^l{A) = lim tP [f — , -\cA\= v{A) (6.8) 

(Portmanteau Theorem for vague convergence. Theorem (3.2) in lResnickl (|2007l )). Hence we have a unique 
vague limit on il/+(Eo); i.e., 

M(-)|EnnE^ = J^(-)|EnnE^- (6.9) 

For e > let us define: 

Bl = [0,e) X [e,oo] efn, 

Bl = [e,oo] X [0,cx)] e 8^. 

We will prove the theorem with the following two claims. 

Claim 6.0.1. Let A G £ be a relatively compact set in E. Define the set 

o v){A)] ^ {^i{A n B\) + v{Ar\Bl^):Q<t< d(0, A)/V2}. 

Then [(/x o J^)(A)] is a singleton set and if we denote the unique element of this set by (/i o v){A) , then 
[p. o v){-) is a Radon measure on E. 

Proof. Since A is relatively compact, d{0,A) > 0. Take < e < (5 < d{0,A)/^/2. Now to show that 
[(/i o i^)(A)] is a singleton, it suffices to check the following: 

^i{A n Bl) + v{A n B^) = ^i{A n ) + i^(A n b^). 

Let us define 

F^^B{r\Bl F2^Bln{BiY, F3 = {BiynBl = B^ n {Bfy n {B'^Y , F,=Bl 



e 



SI 



Bl 



Fo 



Fs 



Fa 



e ,5 



Figure 2. Partitioning Eq 



CONDITIONING ON AN EXTREME COMPONENT 



25 



Referring to Figure [2] we have 



= Fi U Fa, 



Bl=F^\JFi\JFr, B'^=F5. 
First note that ^1,^2,^3 e £n, ^3,^4,^5 G Hence A n F3 e f and from (fOj) we have 

^(AnF3) = zy(AnF3) 

Also note that 6 < d{0, A)/V2 imphes A C B^ U B^ ^ Fi U F3 U F5. So 

AnF2 = 0,AnF4 =0. (6.10) 

Now 

n Bl) + v{A n B\) = ^(^ n (Fi u F2)) + v{A n (F3 u F4 u F5)) 

= n Fi) + n F2) + v{A n F3) + v{A n F4) + v{A n F5) 

= n Fi) + n F3) + v{A n F5) (using (HH) and (QUI) ) 

= /x(An(FiUF3)) + t.(AnF5) 

= [i(^AC\B{) + v{AC\BI). 

Thus [(/zoi/)(A)] is a singleton and we denote its unique element by {[lov){A). It is easy to see that (/iOi/)(-) 
is a Radon measure. □ 

Claim 6.0.2. Let A be a relatively compact set in E with (/i o v){dA) = 0. Then 



tP 



e A 



{poiy){A). 



Proof. Choose < e < d{0, A) s.t. fi{dBl) = v{dBl) = 0. Now, d{A n Bl) QdAVJ dB^ Therefore 
{fioi')(d{AnBl)) < {fiOi'){dA) + {fioiy){dBl) 

li{dB{) = (using Claim Em since dBl £ En). 



= 

Thus AC\ Bl is relatively compact in En and ^jL{^{A n = 0. Similarly AO B2 is relatively compact in 
and iy{d{A n B2)) = . Hence we have 



tP 



— , — ] e A 
t t 



= tP 



X Y 

T'T 
^l{AnBl) 

itioiy){A). 



eAnBl 

y{Ar\Bl) 



tp 



□ 



This claim holds for any A € £ which is re latively compact with fJ-{dA) = 0. Thus from Portmanteau 
Theorem for vague convergence (|Resnickl . [2OO7I Theorem (3.2)) we have proven Claim 16.0.21 

Now we show that (/i o i/)|e^ (•) = /i(-) on En. If A G fn, choose any < e < d{0,A)/\/2 for defining 
(^ o v){A). Now we have An B^ ^ An B^nEn e £o- Therefore 

{fioi^){A) ^ n{AnBl) + i^{AnB^) 

= n{A n Bl) + v{A nBln En) 



and from 



, since A n i?| n En G fo, this is 



= ^i{A n Bl) + ^i{A nBln En) 
= ^Ji{An{Bl\J{BlnE^)))^^l{A). 



We can prove {^o :^)|e^(-) = v{-) on E^ similarly. 



□ 
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6.4.2. Proof of Proposition 2.3. We will state and prove the result for a simple standard case which is a 
particularization of Theorem 12.11 

Proposition 6.1. {X,Y) G is a hivariate random vector with the following properties: 

(1) {X.,Y) has a density fx.Y(x,y). 

(2) Corresponding to regular variation in standardized form we assume, 

t^fxixt)~^x-^,x>l, t^fY{yt)^y-^,y>l. (6.11) 

(3) The joint density satisfies 

t^fxxitx, ty) ^ gi{x, y) e Li(En), (6.12) 

t^fx,Y{tx,ty) ^ g2{x,y) G Li(E^), (6.13) 

where gi{x,y), g2{x,y) > are non-trivial, assumedO outside o/En anrf E^ respectively and we have 

(a) v'^gi(u,v) is a probability density in v for each u > 0, 

(b) u^g2{u, v) is a probability density in u for each v > 0. 

Then we have 

iP[(f ,y) e •] ^A*(-) mM+(E), 

where 

/i(A) = j g* {u,v)dudv for A £ 
where g*{x,y) = gi{x,y) V g2{x,y). 

Remark 6.1. Referring to Theorem 12.11 the conditions in (|6.1ip correspond to marginal convergences 
implicit in the Theorem 12. 1[ and conditions (|6.12p and (|6.13p correspond to conditions (|2.3p and (|2.4p . 
Conditions (a) and (b) guarantee that we have proper conditional probability densities. 

Proof Clearly g*{-) e Li(E). Also note that ([6T2l) and ([6T3l) imply that 

9i{x,y) = g2{x,y) = g*{x,y), for {x,y) e Eq. 

Hence, for (u,w) € Eq, 

tf2L^X.iu,v) = t^fx.Y{tu,tv) 

^ g*{u,v), as < — > oo, 

using ((6T2)) or ((6T3)) . Now for x > 0, y > 0: 



tP 



[(f 






7) 



X \ „/y \ „/x Y 



t J f^{u)du + t j fY{v)dv — t J J fx_ Y{u,v)dudv 

X y X y 

oo oo 

x^^ + y^^ — / g*{u,v)dudv, as t ^ oo, 



X y 

which is a consequence of Scheffe' Theorem. Also note that 



oo oo 



2.-1 ^ / y-2j., _ / .,-2/ 



du ^ u ^( / u'^g2{u,v)dv)du ^ / / g*{u,v)dvdu 
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and similarly 



y = 



Therefore as i — > oo, 

„r/X Y 
tP 



(-,-)e([o,x]x[o, 



g* {u, v)dvdu. 



V 



g*{u,v)dvdu + J J g*{u,v)dvdu — J J g*{u,v)dudv 

X Q y X y 



I 



'{u,v){u,v)dudv = fi{{[0,x] X [0,?;])''). (6.14) 



(u,v)<£([0,x]x[0,y])'= 



According to Lemma 6.1. iResnickl (|2007t ). proving [6 . 1 41 suffices for our proof 



□ 
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